The generation of THz-frequency radiation via nonlinear parametric frequency down-conversion has long been driven by the spectroscopy and imaging communities. As a result, little efforts have been undertaken toward the generation of high energy THz-frequency pulses. THz-frequency radiation has however recently been identified has a promising driver for strong-field physics and an emerging generation of compact particle accelerators. These accelerators require THzfrequency pulses with energies in the multi-millijoule range therefore demanding orders of magnitude improvements from the current state-of-the-art. Much can be gained by improving the intrinsically low efficiency of the down-conversion process while still resorting to existing state-of-the-art lasers. However, the fundamental Manley-Rowe limit caps the efficiency of parametric downconversion from 1-μm wavelength lasers to sub-THz frequency to the sub-percent range. We present methods that promise boosting the THz radiation yield obtained via parametric down-conversion beyond the Manley-Rowe limit. Our method relies on cascaded nonlinear three-wave mixing between two spectrally neighboring laser pulses in periodically poled Lithium Niobate. Owing to favorable phase-matching, the down-conversion process avalanches, resulting in spectral broadening in the optical domain. This allows in-situ coherent multiplexing of multiple parametric down-conversion stages within a single device and boosting the efficiency of the process beyond the ManleyRowe limit. We experimentally demonstrated the concept using either broadband, spectrally chirped optical pulses from a Joule-class laser or using two narrowband lasers with neighboring wavelengths. Experimental results are backed by numerical simulations that predict conversion efficiencies from 1 μm to sub-THz radiation in the multi-percent range.
INTRODUCTION
Highly brilliant X-ray sources are in demand for a growing number of applications ranging from fundamental physics, chemistry and biology to industrial applications. Brilliant and highly coherent X-rays have been instrumental in our understanding of structural biochemistry: the tremendous database of protein structures available today [1] has been solely determined using X-ray sources. X-ray sources have also proven indispensable to investigate material structure enabling engineering of materials from a fundamental understanding of its structure [2] . The more recent developments of X-ray sources are enabling simultaneous exquisite temporal and spatial resolution which promises further discoveries. Recent results have in particular revealed electronic rearrangements in proteins on the femtosecond time scale [3] , femtosecond diffractive imaging of nanostructures [4] and catalysis dynamics on surfaces in real time [5] . The main sources of brilliant X-rays have so far been accelerator based large scale facilities such as synchrotrons and more recently free-electron lasers. These facilities provide ample amount of X-ray flux at photon energies in the hundreds of eV to multi-keV range [6] . While these large-scale facilities deliver X-ray radiation suitable for a wide range of applications, their initial and operational costs are prohibitive and only a limited number of such facilities are available worldwide. Free-electron lasers in particular provide short pulses, high brightness X-rays that have enabled femtosecond serial crystallography [7] , a new form of X-ray crystallography. To this day however, only a handful of FELs are available worldwide, therefore creating a bottleneck for fundamental and applied research. Over the past two decades, the ultrafast optics community has developed, engineered and refined a tabletop approach to coherent X-ray generation via the high harmonic generation (HHG) process [8] . In addition to generating coherent UV to soft X-ray radiation, the HHG process allows extremely accurate synchronization with a laser system -a feature that is challenging using large scale facilities -and pulse durations as short as 43 attoseconds [9] . While these novel and accessible sources of X-rays have allowed a number of fundamental discoveries, they are currently limited in photon flux and scaling to a multi-keV photon energy source has yet to be demonstrated. A third pathway toward tabletop, widely accessible X-ray sources has emerged recently relying on laser driven electron accelerators. The use of lasers to accelerate/undulate electrons rather than electro-magnets -as used in standard largescale facilities -allows downsizing the scale of the facilities and proportionally reduces cost of investment and ownership. Using direct electron acceleration in sub-mm scale accelerating structures, electron acceleration has been demonstrated but for limited charge [10] , [11] . Plasma driven accelerators have shown record acceleration of electrons to 4.2 GeV, yet these facilities are bound to operate at low repetition rate and currently suffer from shot-to-shot reproducibility [12] . Another approach -that our group is pursuing -consists of accelerating electrons using THz frequency radiation generated from frequency down-converting state-of-the-art NIR lasers [13] . This approach is promising for accelerating pico-Coulomb electron bunches to the tens of MeV range. These electron beams can later interact with a high energy laser to generate X-rays in an optical analogue to an undulator. A particular challenge to our approach stems from generating temporally multi-cycle -equivalently, spectrally narrowband -THz pulses with multi-millijoule energy level. Indeed, the generation of such high energy THz pulses is bounded by both frequency down conversion efficiency and the state-of-the-art in both laser technology and nonlinear crystal development. The frequency down conversion is limited by the Manley-Rowe limit which states that the maximum efficiency for a three-wave mixing process to transfer energy from the pump wave to the idler wave is equal to the ratio of the idler photon energy to the pump photon energy. In the case of frequency down conversion from 1 μm wavelength to 1 mm wavelength, the Manley Rowe limit is 0.1%. On the other hand, the current state-of-the-art for picosecond lasers operating at several-hundreds of Hertz repetition rates is currently at ~1 J pulse energy [14] . Therefore using the most up-to-date laser system reported for our application would hardly allow generating sufficient amount of THz to successfully power a THz-based linear accelerator. In addition to these limitations, further challenges arise when designing the nonlinear medium used for down conversion such as the damage threshold of organic nonlinear crystals at high repetition rate [15] , the clear aperture and peak power handling limitations in periodically poled lithium Niobate [16] or the phase transitions in potassium Niobate [17] - [19] . In order to address these challenges, we are investigating two methods dubbed 'cascaded optical parametric amplification' [20] , [21] and 'chirp-and-delay' [22] for the generation of multi-cycle THz radiation with NIR driving lasers. Both these methods promise efficiency beyond the Manley-Rowe limit and would therefore provide access to multi-cycle THz pulses with several millijoules of energy using currently available nonlinear crystals and driving lasers. Numerical simulations as well as preliminary experimental results on these two methods are reported in this paper. 
